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STRESS-INTENSITY FACTORS AND CRACK-OPENING DISPLACEMENTS

FOR ROUND COMPACT SPECIMENS

J. C. Newman, 3r.

NASA Langley Research Center
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ABSTRACT

A two-dimensional, boundary-collocation stress analysis was used to analyze

various round compact specimens. The influence of the round external boundary

and of pin-loaded holes on stress-intensity factors and crack-openin_ displace-

ments was determined as a function of crack-length-to-specimen-width ratios. A

wide-range equation for the stress-intensity factors, like =hat developed for

the "standard" rectangular compact specimen, was developed. Equations for crack-

surface displacements and load-point displacements were also developed.

In addition, stress-intensity factors were calculated from compliance

methods to demonstrate that load-displacement records must be made at the loading

points and not along the crack line (as is customary) for crack-length-to-

specimen-width ratios less than about 0.4.

INTRODUCTION

The round compact specimen, an edge-cracked disk shown in figure i, is

currently being considered for incorporation into ASTM Standard Test Method

for Plane Strain Fracture Toughness of Metallic .Materials (ASTM E399). The

round compact specimen is a convenient configuration for testing of materials

c,'t from round bars, and it is cheaper to machine than the "standard" rectan-

gular compact specimen.
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In 1973, Feddern and Mackerauch [i] proposed a round compact specimen for

fracture-toughness testing. Later, Mowbray and Andrews [2], Cull and Starrett

_'[3],and James and Mills [4] used a similar round compact specimen to test for

fracture toughness and fatigue crack growth rates. Table I shows the chrono-

logical development and a comparison of dimensions for the various round

compact specimens that have been tested or analyzed. The earlier round compact

specimens had hole sizes and locations that were different from the standard

compact specimen. As shown in figure 2, the proposed ASTM round compact speci-

men design (solid lines) conforms closely to that of the standard rectangular

compact specimen (dashed lines). In fact, because the hole size and locations

are the same for both specimens, the same loading fixtures can be used.

Stress-intensity factors and crack-surface displ_cements for round compact

specimens without pin-loaded holes have been obtained previously from boundary-

collocation analyses by Gross [5] and from closed-form asymptotic solutions by

Gregory [6]. For specimeus with pin-loaded holes, finite-element models [2]

have been used, but the analyst considered only a limited range of crack lengths.

Stress-intensity factors have also been determined from experimental compliance

measurements [i] for a limited range of crack lengths.

In the present paper, an improved method of boundary collocation [7,8] was

applied to the two-dimensional stress analysis of round compact specimens with

pin-loaded holes. The method was based on the complex variable analysis of

Muskhelishvili [9]. The complex-serles stress functions developed in refer-

ence 8 were constructed so that the governing equations of elasticity and the

boundary conditions on the crack surfaces were satisfied exactly, while the

1980007170-00:



3

boundary conditions on the external boundary and the pln-loaded holes were

satisfied approximately. In contrast to previous collocation methods in which

the boundary stresses were specified, the collocation method used herein

requires that the resultant forces on the boundaries be specified (in a least-

squares sense). The improved method was shown [7] to converge more rapidly

than previously used collocation methods.

By using the improved method, stress-intensity factors and crach-opening

displacements for various round compact specimens were calculated as a function

of crack-length-to-specimen-width ratios. A "wide-range" equation for the

stress-lntensity factors, like that developed for the standard rectangular

compact specimen [i0], was developed. Equations for crack-surface displacements

and load-point d_splaeements were also developed.

SYMBOLS

a distance from centerline of applied load to crack tip

c crack length measured from the edge of the disk

D d_ameter of round compact specimen

d distance from the plane of the crack to the center of one
circular hole

E Young's modulus

K stress-intensity factor (mode I)

L distance measured from center of disk to load line (see fig. 2)

NT total number of coefficients used in collocation analysis

P load per unit thickness acting in the y-direction

R radius of the circular holes

Vo,VI,V 2 crack-surface displacements in v-direction (see fig. 2)

%'3 displacement at point of load a_plication in y-dlrection (see
fig. 2)
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W "width" of round specimen measured from centerline of applied
load

K material constant, < = 3 - 4v for plane strain and _ = 3 - v1 + v
for generalized plane stres_

Pois_on's ratio

o normal stress at boundary of h¢len

ANALYSIS OF THE ROUND COMPACT SPECIMEN

This apalysis was identical to that developed previously for the rectangu-

lar compact specimen [8] except that the external boundary was made circular.

The details of the analysis are given in reference 8 and are not repeated here.

! The analysis was applied herein to three differe.,t round compact specimen con-

figurations. The three configurations analyzed were: (I) the Feddern-

Macherauch round compact specimen design, (2) the proposed ASTM round compact

specimen (denoted herein as type I), and (3) the proposed ASTM round compact

specimen with a flat section at the crack mouth (type II). The type I and II

specimens are shown in figure 2. The uype I specimen is fully round and the

type II specimen has a flat section at the crack mouth (crosshatched area

removed). The flat section corresponds exactly to that in the standard compact

specimen (dashed lines). In figure 2, the locations O, i, 2, and 3 indicate

the points at which the crack-opening displacements (Vo, V I, V2, and V_)

were calculated.

Loading

All round compact specimens were analyzed with simulated pin loading in

the holes. For simplicity, a uniform radial stress, o , was assumed ton

apply on the hole boundaries over a total arc of 40 degrees. This pin-load

simulation was used for two reasons. First, in the actual specimens, the

bearing stresses on the boundary of the holes caused by the p_,_ loading

.4 /'_f'% f%f% _--J •
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are concentrated over a small arc due to the undersized pin requirements in

ASTM E399-78. Second, reference 5 has shown that the stress-lntenslty factors

and crack-surface displacements for the standard rectangular compact specimen

with a/W _ 0.2 are not influenced by the particular stress distribution

applied on the hole boundary.

Convergence

Because boundary collocation is a numerical method, convergence of the

solution must be investigated. Convergence was studied for several a/W

ratios (0.2, 0.5, and 0.8) using several values of NT, the total number of

coefficients in the series stress functions [8]. The configurations with

a/W = 0.2 and 0.8 were selected because the close proximity of the crack tip

to the holes and external boundary, respectively, were expected to pose con-

vergence difficulties. In figure 3, the stress-intensity factors are plotted

as functions of NT. For ease of comparison, the stress-intensity factors are

normalized with respect to their value for NT = 160 (the largest value con-

sidered). As the number of terms in the series wa_ increased, the differences

between the specified boundary conditions and those obtained from the series

solution became smaller and the stress-intensity ratio converged to unity. The

convergence was satisfactory at NT = 160 for all a/W ratios considered.

Thus, for all other configurations investigated, 150 coefficients were used.

Effects of < on Stress-Intensity Factor_

Stress-intensity factors for cracked specimens with internal loading

(such as pin loading) are functions of Polsson's ratio and the plane-stress

or plane-strain assumpticn. Both of these effects on stress-intenslty factors

1980007170-NN
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can be studied by considering variations in K only. The type _ configuration

was analyzed for several value_ of K. The results indicated that variations

in K (hence, plane-stress or plane-strain assumptions) had an extremely small

effect on stress intensity. For example, for an a/W ratio of 0.2 the stress-

intensity factor varied by less than 0.5 percent for _ between i and 3. The

effects of K on stress-intensity factors were even smaller for larger values

of a/W.

RESULTS AND DISCUSSION

In the following sections, stress-intensity factors and crack-opening

displacements for various round compact specimens are presented. All specimen

configurations were subjected to simulated pin loading in the holes. A wide-

range stress-intensity factor equation was developed for the proposed ASTM

round compact specimens, Equations for crack-surface and load-point displace-

ments were also developed.

Stress-Intensity Factors

Feddern-Macherauch round compact specimen.- The stress-intensity factors

calculated from the present method and from Gross [5] for the Feddern-Mncherauch

specimen (D/W = 1,333) are shown in table II for various a/W ratios. Cross

analyzed a configuration that did not include the pin-loaded holes, but used

shear forces along the load line to simulate pin loading. For an a/W ratio

of 0.2, the percentage difference between the two solutions is about 16 percent.

This difference is attributed to the influence of the pln-loaded holes. Similar

differences were observed for the standard rectangular compact specimen with [8]

and without [ii] the pin-loaded holes and are also show_ in table II.

1980007170-007
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Proposed ASTM round compact specimens.- The stress-intensity factors cal-

culated from the present method for the proposed ASTM specimens (types I and II)

are given in table III for various a/W ratios and are compared with other

stress-lntensity factor solutions for fully round compact specimens. Gross [5]

obtained a collocation solution and Gregory [6] obtained a closed-form asymptotic

solution for configurations that did not include pin-loaded holes. The results

from Gross and Gregory, which are in good agreement with each other, are about

15-percent higher than tke present solutions for short crack lengths (a/W = 0.2).

Their high values were due to neglecting the influence of the pln-loaded holes.

Mowbray and Andrews [2] used the _inite-element method. Feddern and

Macherauch [I] used experimental load-line (czack surface) displacements and

the compliance method to obtain stress-lntensity factors. In the appendix,

load-line (V2)and load-point (V3)displacements were calculated to demonstrate

that displacements must be measured at the loading points, and not along the

crack surface, to obtain accurate stress-intensity factors fc,r a/W ratios less

than about 0.4. As shown in table III, all solutions are in good agreement for

a/_ ratios greater than 0.4.

Wide-range stress-intensity factor equation.- The present results and those

in reference 8 indicate that for compact specimens th_ pin-loaded holes h_ve a

significant influence on stress-intenslty factors for a/W ratios less than 0.4.

Therefore, when the round specimen is used at a/W ratios less than 0.4 the

effects of the holes should be included. A wlde-range equation, like that

developed for the standard rectangular compact specimen [10], was chosen to fit

the present results. The equation was

K = e (2 + _) G <i)
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where I - a/W and

G - 0.76 + 4.81 - Ii.58% 2 + iI.4313 - 4.0814 (2)

for 0.2 _ I < i. Equation (2) is a least-squares fit to the present results.

Equation (i) agrees to within 0.3 percent of the present results given in

table III for the type I and II round compact specimens. Equation (i) also

approaches the exact asymptotic solution as % approaches unity [6,12].

Comparison of round and rectangular compact specimens.- The nondlmensional

stress-intensity factors from the present collocation results are plotted as

symbols in figure 4, The solid curve shows the results of equation (!) for

the round compact specimens (types I and II). The dasheO curve shows the wide-

range equation developed by Srawley [i0] for the rectangular compact specimen.

For a/W = 0.2, the stress-intensity factors for the round specimen are about

4-percent lower than those from the rectangular specimen. But for a/W ratios

between 0.4 and 0.7, the stress-intensity factors from the round specimen are

about 6-percent higher than those from the rectangular specimen. For large

crack lengths (a/W > 0.8), the stress-intensity factors approach each other.

Crack-Opening Displacements

Crack-opening displacements are functions of Polsson'g ratio and of

whether plane stress or plane u rain is assumed. Because experimental dis-

placements agree well with calculated displacements under plane-stress

conditions for rectangular compact specimens [8], all calculations herein were

made with < = 2.077 (Poisson's ratio of 0.3 under plane-stress conditions).

Figure 5 shows the nondimensional crack-surface displacements, EV/P, at

various locations along the crack line for round compact specimens (t_:pes I



9

and II) as a function of a/W. V0 and V1 are the crack-mouth displacements

for type I and II specimens, respectively, and V2 is the load-line displace-

ments for both specimens. The load-line displacements, V2, are nearly the

same for both specimens. The VI displacements for type II are slightly

higher than those for type I.

Table IV presents the nondimensional crack-opening displacements, EV/P,

at various locations along the crack line and at the load point for the round

and rectangular compact specimens as a function of a/W.

For ease of computation, polynomial expressions for the crack-surface and

load-point displacements were developed for round and rectangular compact

specimens. The polynomial expression is

5 j-i

in _- = Aj

j=l

The solid and dashed curves in figure 5 show the displacements calculated from

the polynomial expression fitted (by least squares) to the present collocaticn

results for type I and II round specimens, respectively. The coefficients Aj

are given in table V for various locations along the crack line and at the load

point for round and rectangular compact specimens. The polynomial expressions

were within 0.5 percent of the collocation results for 0.2 _ a/W ! 0.8.

In table VI, the crack-opening displacements, EV/P, at the cr_ck mouth, the

load line (crack surface), and the load point, from the present results, are

compared with experimental results from Fisher and Buzzard [13] for the proposed

round specimen (type !I). The present results are generally within t3 percent

of the experimental displacements.

L
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CONCLUDING REMARKS

An improved method of boundary collocation, which accounted for the

influence of the pin-loaded holes, was employed in the two-dimenslonal stress

analysis of round compact specimens. T_e influence of the round external

boundary and the pin-loaded holes on stress-intenslty factors and crack-open_

displacements were investigated for crack-length-to-speclmen-_dth ratios (a/W)

ranging from 0.2 to 0.8.

The stress-intenslty factors calculated from the present method for a/W

ratios less than 0.4 were lower than those computed from analyses that did not

include the pin-loaded holes--as much as 15 percent for a/W = 0.2. But the

stress-intensity factors were in good agreement with other solutions from the

literature for a/W ratios greater than 0.4. An empirical equation for stress-

intensity factors was developed which accounts for the influence of the pin-

loaded holes and applies over a wide rang_ of a/W (0.2 to i). In the appendix,

stress-intensity factors were also calculated from compliance methods to demon-

strate that load-displacement records must be made at the loading points to give

the correct energy-release rate and not along the crack llne (as is customary)

for a/W ratios less than about 0.4.

The crack-opening dlsplacements calculated from the present method at the

crack mouth, load line (crack surface), and load point of the round compact

specimen under plane-stress conditions were generally within ±3 percent of

experimental measurements. Accurate polynomial expressions wer_ also developed

for the crack-opening displacements at various locations along the crack line

and the load point for round and rectangular compact specimens. The polynomial

expressions were within ±0.5 percent of the collocation results for

0.2 < a/W < 0.8.

L
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APPENDIX

DETERMINATION OF STRESS-INTENSITY FACTORS FROM C0_LI_NCE _[ETHOD

The compliance method is often used to experimentally determine stress-

intensity factors from load-displacement records. To obtain accurate stress-

intensity factors from compliance measurements, the displacements must be

measured at the load points to give the correct energy-release rate from theory

of elast:city. However, for convenience a number of investigators have used

crack-surface displacements along the load line (such as the V2 displacement

in fig. 2) instead of at the load points. Figure 6 shows that the load-point

displacements, V3, are considerably larger than the load-line displacements,

V2, for small values of a/W. The displacements and the compliance relatlon-

ship [14] were then used to calculate stress-intensity factors as

K = EP d-_ (AI)

for plane stress.

In the present paper the slope, dV/da, was approximated by solving for

displacements for two crack lengths (a - %a and a + Aa) as

V.(a - Aa) - V.(a + Aa)

dV z J ] (A2)
da 2 ±a

where V.( ) was the displacement for the specified crack length wlth j - 2
J

or 3, and the incremental change in crack length, Aa, was O.O01W.

Table Vll shows the norma!Ized stress-intensity factors for the round

compact specimen (type I) d,:termined by collocation using either stress functions

or compliance. The values from compliance were determined using either the

calculated load-point displacements or the calculated load-line dlsplacementr.

----- 1980007170-012
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The stress-lntensity fac'.ors computed from the load-polnt displacements were In

excellent agreement with the collocation (stress function) values, where:_s the

values computed from the load-lin_ _isplacements were in consl]erable dlsagre_-

ment for a/W ratios less tha_ 0.4.

k
i i Hi .......
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Figure i.- Round compact specimen subjected to pin loading.
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Figure 2.- Type I (fully round) and type II (with flat) round compact
speclmens and rectangular compact specimen (dashed lines).
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as a function of a/W.
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